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Abstract
A modification of the usual extended N = 2 supersymmetry algebra implementing the two
dimensional permutation group is performed. It is shown that one can found a multiplet that
forms an off-shell realization of this alternative extension of standard supersymmetry.
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I. INTRODUCTION
The present paper deals with the possibility of modifying the usual extended N = 2
super Poincare´ algebra via a suitable implementation of the symmetric group S2. This
construction has the interesting advantage that one can find a multiplet that realizes the
modified extended supersymmetry algebra off-shell. This multiplet involves the same fields
as those of the standard double tensor multiplet [1] (see also [2] for explicit construction). It
is worth mentioning that this construction is not a standard extension of supersymmetry in
the sense that it rely on a non-local invariance represented by the symmetric group S2. This
is what the term modified underlies. The obtained transformations still transform bosons in
fermions and vice-versa.
We will first show that a suitable modification of the N = 2 supersymmetry algebra is
possible in the context of nonlinear extension of standard Lie algebras [3]. In this context,
we introduce the symmetric group S2 within the standard extended N = 2 super Poincare´
algebra [4]. This is what is explicitly performed in section two.
In section three, we show that the multiplet containing two Weyl fermions, two real scalar
fields and two 2−form gauge potentials is an off-shell multiplet of the modified superalgebra
so that no auxiliary fields are needed. Finally we show that the construction of a nilpotent
BRST operator can be considered.
II. MODIFIED N=2 SUPERSYMMETRY ALGEBRA
The possibility of modifying the extended N = 2 super Poincare´ algebra is based on the
observation that the free Lagrangian density and thus the free action of two scalar fields ϕi
(i = 1, 2) or two spinor fields ψa (a = 1, 2) (hereafter a repeated index means a summation,
indices a are never lowered and indices i are never raised)
Lϕ = −∂µϕ
∗
i∂
µϕi, (1)
Lψ = −iψ¯
aσ¯µ∂µψ
a, (2)
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is manifestly invariant under a permutation operation 1 ⇋ 2. So the symmetric group S2
[5] defines a discrete symmetry of these models. The action of the identity operator s1 and
the transposition operator s2 can be written as
s1ϕi = δikϕk, s
1ψa = δabψb,
s2ϕi = ηikϕk, s
2ψa = ηabψb, (3)
where δab = {1 for a = b and 0 for a 6= b}, δik = {1 for i = k and 0 for i 6= k}, η
ab =
{0 for a = b and 1 for a 6= b}and ηik = {0 for i = k and 1 for i 6= k}.
Furthermore, we define the modified translation operator P aµ as a successive application
of a permutation operator sa defined by (3) and the four dimensional translation operator
Pµ
P aµ = s
aPµ, a = 1, 2 and µ = 0, 1, 2, 3. (4)
P 1µ is the usual translation (since s
1 is just the identity) while P 2µ is the combination of a
translation and the transposition operator. The action of P 2µ is then given by
δ′κϕ1 = κ
µ∂µϕ2, δ
′
κϕ2 = κ
µ∂µϕ1, (5)
δ′κψ
1 = κµ∂µψ
2, δ′κψ
2 = κµ∂µψ
1, (6)
where κµ is an infinitesimal real constant four-vector parameter. One can easily see
that, as it is the case for the usual translation, this transformation leads also to an in-
variance of the Lagrangian densities (1) and (2). One explicitly finds that δ′κLϕ and
δ′κLψ are total derivatives, i.e., δ
′
κLϕ = −∂ν (κ
ν(∂µϕ
∗
2∂
µϕ1 + ∂µϕ
∗
1∂
µϕ2)) and δ
′
κLψ =
−i∂ν
(
κν(ψ¯2σ¯µ∂µψ
1 + ψ¯1σ¯µ∂µψ
2)
)
.
Moreover, the infinitesimal transformations δ′ defined by (5) and (6) form an abelian
algebra. For two successive transformations δ′ of parameters κ and ζ we get δ′ζδ
′
κX =
ζνκµ∂ν∂µX , where X stands for all the fields. This leads obviously to
(δ′ζδ
′
κ − δ
′
κδ
′
ζ)X = 0. (7)
One can also remark that these transformations commute with usual translations, i.e.,
(δaδ
′
κ − δ
′
κδa)ψ = 0, (8)
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where, as usual, a translation δ of parameter a is defined by δaX = a
µ∂µX .
Finally, it is straightforward to check that the commutator of δ′ with rotations R (i.e.,
transformations of the Lorentz group) closes on δ′. We have
(Rωδ
′
κ − δ
′
κRω)X = δ
′
ω.κX, (9)
where ω.κ ≡ −ωµνκ
ν is the infinitesimal parameter of the resulting δ′ transformation. In
deriving (9), we used the fact that a rotation R of infinitesimal parameter ω acts on any four-
vector asRωV
µ = −ωµνV
ν , on any spinor ψ asRωψ = −
1
2
ωµνσ
µνψ with σµν = 1
4
(σµσ¯ν−σν σ¯µ)
and leaves any scalar fields invariant.
Therefore, we can define a modified construction for the extended N = 2 supersymmetry
algebra relying on the nonlinear extension of a Lie algebra. In this context [3], the defining
commutator contains, in addition to linear terms, terms that are multilinear in generators,
i.e., [Ta, Tb] = f
c
abTc + V
cd
ab TcTd for quadratically nonlinear algebras. As it was pointed
out in [6], such nonlinear generalization has also to satisfy Jacobi identities. As extension
of the standard supersymmetry construction where the anti-commutator of two extended
supersymmetry transformations closes on translation, we postulate that it closes also on the
composition of a translation Pµ and a transposition s
2, such that
{
Qiα, Q¯jα˙
}
= 2σµαα˙τ
a
ijP
a
µ , (10)
where τa =
(
τaij
)
are the two 2× 2 matrices given by
τ 1 =

 1 0
0 1

 , τ 2 =

 0 1
1 0

 . (11)
These two matrices form a representation of S2 and satisfy the following relations
τaijτ
b
jk = δ
abδik + η
abηik, (12)
τaijτ
a
kl = δilδjk + ηilηjk. (13)
In view of what precedes on the commutation relations of this modified translation and the
other generators of the Poincare´ algebra (translations and rotations), the other commutators
of the as modified N = 2 super Poincare´ algebra read
[
P aµ , P
b
ν
]
= 0 and
[
Mαβ , P
a
µ
]
= −ηαµP
a
β + ηβµP
a
α , (14)
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where Mαβ are the generators of the rotations and all other commutators are identical to
those of usual extended N = 2 super Poincare´ algebra. Moreover, it is straightforward to
check that the modified supersymmetry algebra (10) is consistent with all possible Jacobi
identities of the whole algebra.
It is worth noting that P 2µ satisfies, just as the usual translation, P
2
µP
2µ = m2, since
permutation operators satisfy (sa)2 = 1 (a = 1, 2). The Casimir invariant operator P 2
expressed thus as 1
2
∑
a P
a
µP
aµ = m2 shows as usual, that all members of the same multiplet
representation are of same masses.
One can also see that the reduction to the simple N = 1 case leads obviously to standard
results since the permutation operations on a set of one object are trivial.
We will now show that one can find an off-shell representation of this algebra, i.e., a
multiplet that realizes this modified N = 2 supersymmetry algebra off-shell.
III. AN OFF-SHELL REPRESENTATION
We first start with the same field contents that of the double tensor multiplet (as a
generalization of the N = 1 supersymmetric multiplet of the gauge spinor superfield [7]).
We will show that such a multiplet forms a representation of the above introduced modified
N = 2 supersymmetric algebra (10) and moreover, a consistent off-shell construction can
be performed. This multiplet contains two Weyl fermions ψ and χ, two real scalar fields
ϕi, i = 1, 2 and two real 2-form gauge potentials Biµν , µ(ν) = 0, 1, 2, 3 and i = 1, 2. All
conventions and notations are the same as in the previous section. In what follows we work
in the two component formalism and adopt the standard conventions of Wess and Bagger
[8]. The Lagrangian density of this multiplet reads
L = −iψ¯σ¯µ∂µψ − iχ¯σ¯
µ∂µχ−
1
2
∂µϕi∂
µϕi +
1
2
HiµH
µ
i , (15)
where Hiµ are the Hodge-duals of the field strengths of the 2-form gauge potentials, i.e.
H
µ
i =
1
2
εµνρσ∂νBiρσ, (16)
with εµνρτ (ε0123 = +1) being the four-dimensional Levi-Civita tensor.
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To see that this is indeed a representation of the modified N = 2 supersymmetric algebra
defined by (10), we first check that (15) is invariant, up to total derivatives, under the
following modified extended N = 2 supersymmetric transformations
δψ = iσµξ¯1∂µϕ1 + iσ
µξ¯2∂µϕ2 + σ
µξ¯1H1µ + σ
µξ¯2H2µ, (17)
δχ = iσµξ¯1∂µϕ2 + iσ
µξ¯2∂µϕ1 + σ
µξ¯1H2µ + σ
µξ¯2H1µ, (18)
δϕ1 = ξ1ψ + ξ2χ+ h.c., (19)
δϕ2 = ξ1χ+ ξ2ψ + h.c., (20)
δH
µ
1 = 2iξ1σ
µν∂νψ + 2iξ2σ
µν∂νχ+ h.c., (21)
δH
µ
2 = 2iξ1σ
µν∂νχ + 2iξ2σ
µν∂νψ + h.c. (22)
Then recasting the spinor fields ψ and χ as defined in previous section, such that ψ1 = ψ
and ψ2 = χ, one can easily write the above transformations as
δψa = iσµξ¯iτ
a
ij∂µϕj + σ
µξ¯iτ
a
ijHjµ, (23)
δϕi = τ
a
ijξjψ
a + τaij ξ¯jψ¯
a, (24)
δH
µ
i = 2iτ
a
ijξjσ
µν∂νψ
a − 2iτaij ξ¯jσ¯
µν∂νψ¯
a. (25)
A direct computation leads explicitly to δL = −∂µ(ψ
aσµσ¯νξiτ
a
ij∂νϕj + iψ¯
aσ¯µσν ξ¯iτ
a
ijHjν) -
∂µ(τ
a
ijξjψ
a∂µϕi − iH
µ
i τ
a
ijξjψ
a + h.c.). We are now able to compute the action of the com-
mutator of two successive modified N = 2 supersymmetric transformations of parameters
ξ (ξ1, ξ2) and ζ (ζ1, ζ2) on each field of the multiplet. Starting with the scalar fields ϕi, we
first get
δζδξϕi = i(ξkσ
µζ¯k + ξ¯kσ¯
µζk)∂µϕi + i(ξkσ
µηklζ¯l + ξ¯kσ¯
µηklζl)ηij∂µϕj
+ (ξkσ
µζ¯k − ξ¯kσ¯
µζk)Hiµ + i(ξkσ
µηklζ¯l − ξ¯kσ¯
µηklζl)ηijHjµ. (26)
Using ξ¯iσ¯
νζj = −ζjσ
ν ξ¯i, we see that the terms proportional to ∂νϕ are antisymmetric under
the substitution ξ¯ ⇋ ζ¯ such that they are doubled in the commutator (δζδξ − δξδζ)ϕi, while
the terms proportional to H are symmetric under the same substitution, thus they disappear
when computing this commutator. Explicitly, we get
(δζδξ − δξδζ)ϕi = −2i(ζkσ
µξ¯k − ξkσ
µζ¯k)∂µϕi − 2i(ζkσ
µηklξ¯l − ξkσ
µηklζ¯l)ηij∂µϕj, (27)
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which in regard to (10), shows that (δζδξ − δξδζ) on the scalar fields ϕi closes off-shell. We
turn now to compute the commutator on the spinor fields. A direct evaluation of δζδξψ
a
shows that the terms in equations of motion of ψa cancel due to the contribution of the
variation of Hiµ, we then obtain
δζδξψ
a
α = −2iζkσ
µξ¯k∂µψ
a
α − 2iζkσ
µηklξ¯lη
ab∂µψ
b
α
− 2iζ¯kξ¯kσ
µ
αα˙∂µψ¯
aα˙ − 2iζ¯kηklξ¯lσ
µ
αα˙η
ab∂µψ¯
bα˙, (28)
where we used the identities (σµσ¯ν+σν σ¯µ)βα = −2η
µνδβα, σ
ν
αα˙σ¯
β˙β
ν = −2δ
β
αδ
β˙
α˙ and the definition
σ¯µα˙α = εα˙β˙εαβσµ
ββ˙
with ε12 = ε
21 = −1 is the two-dimensional Levi-Civita tensor. Noticing
that the factors of the terms involving the equations of motion of ψ¯a are symmetric under
the substitution ξ¯ ⇋ ζ¯ we end up with the following commutator
(δζδξ − δξδζ)ψ
a = −2i(ζkσ
µξ¯k − ξkσ
µζ¯k)∂µψ
a − 2i(ζkσ
µηklξ¯l − ξkσ
µηklζ¯l)η
ab∂µψ
b
α, (29)
which closes off-shell.
Finally, we check the closure on the fields Hµi . Using the identity ξ¯iσ¯
µν σ¯ρζj = ζjσ
ρσ¯µν ξ¯i
and rearranging terms, we first find
δζδξH
µ
i = −2(ξkσ
µνσρζ¯k − ζkσ
ρσ¯µν ξ¯k)∂ν∂ρϕi − 2(ξkσ
µνσρηklζ¯l − ζkσ
ρσ¯µνηklξ¯l)ηij∂ν∂ρϕj
+ 2i(ξkσ
µνσρζ¯k + ζkσ
ρσ¯µν ξ¯k)∂νHiρ + 2i(ξkσ
µνσρηklζ¯l − ζkσ
ρσ¯µνηklξ¯l)ηij∂νHjρ. (30)
When evaluating the commutator (δηδξ− δξδη)H
µ
i , we can see that all terms proportional
to ∂ν∂ρϕ are of type ξk(σ
µνσρ + σρσ¯µν)ζ¯l − (ξ¯ ⇋ ζ¯) which is identical to iε
µνρτξkστ ζ¯l so
that all ϕ contributions in the resulting commutator vanish. At the same time, ∂νHiρ
contributions involve terms of type ξk(σ
µνσρ − σρσ¯µν)ζ¯l − (ξ¯ ⇋ ζ¯) which is identical to
(ηµρξkσ
ν ζ¯l − η
νρξkσ
µζ¯l)− (ξ¯ ⇋ ζ¯) so that we end up with the following commutator
(δζδξ − δξδζ)H
µ
i = −2i(ζkσ
ν ξ¯k − ξkσ
ν ζ¯k)∂νH
µ
i − 2i(ζkσ
νηklξ¯l − ξkσ
νηklζ¯l)ηij∂νH
µ
j , (31)
where the identities σµσ¯νσρ − σρσ¯νσµ = 2iεµνρτστ , σ
µσ¯νσρ + σρσ¯νσµ = 2(ηµρσν − ηνρσµ −
ηµνσρ) and ζ¯kσ¯
µσν σ¯ρξl = −ξlσ
ρσ¯νσµζ¯k are used as well as the identity ∂νH
ν
i = 0 which
follows from the definition (16). This ends the proof that the modifiedN = 2 supersymmetric
transformations (23)-(25) form a supersymmetric algebra that closes off-shell. The N = 2
multiplet (ψa, ϕi, H
µ
i ) is then an off-shell multiplet of the modified N = 2 supersymmetric
algebra defined by (10).
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It is well known [2] that the double tensor multiplet model has also a special gauge invari-
ance. Similarly for the above introduced multiplet, it is easy to check that the Lagrangian
density (15) is also invariant upon the gauge transformation
δΛB
µν
i = ∂
µΛνi − ∂
νΛµi , (32)
where Λµi are the spacetime dependent gauge parameters. Since, by construction (16), the
Hodge-duals Hµi are obviously invariants upon such a transformation, we have, to make
this gauge transformation appear, to replace Hµi by the corresponding gauge potentials B
µν
i
within the transformations (23)-(25). We find
δψa = iσµξ¯iτ
a
ij∂µϕj +
1
2
εµνρσσµξ¯iτ
a
ij∂νBjρσ, (33)
δB
µν
i = −2τ
a
ijξjσ
µνψa − 2τaij ξ¯jσ¯
µνψ¯a, (34)
while the transformations of the scalar fields (24) remains the same. We now show that
the commutator (δζδξ − δξδζ) on the gauge potentials B
µν
i closes, as previously, off-shell
on the combination of translation and permutations but also on the above defined gauge
transformation. After a similar computation to (31), we find
(δζδξ − δξδζ)B
µν
i = −2i(ζkσ
λξ¯k − ξkσ
λζ¯k)∂λB
µν
i − 2i(ζkσ
ληklξ¯l − ξkσ
ληklζ¯l)ηij∂λB
µν
j
+ ∂µΛνi − ∂
νΛµi , (35)
where the gauge parameters Λµi are given by
Λµi = 2iΛ
µν
ijk(ζjσν ξ¯k − ξjσν ζ¯k), Λ
µν
ijk = τ
a
ijτ
a
kl(η
µνϕl − B
µν
l ). (36)
In deriving (35) the identity εκτρσε
κµνλ = −[δµτ (δ
ν
ρδ
λ
σ−δ
ν
σδ
λ
ρ )−δ
ν
τ (δ
µ
ρ δ
λ
σ−δ
µ
σδ
λ
ρ )+δ
λ
τ (δ
µ
ρ δ
ν
σ−δ
µ
σδ
ν
ρ)]
is used. As it is generally the case in supersymmetric gauge theories, these gauge parameters
are field dependent. It is worth noting that comparatively to the standard approach [2] of
the double tensor multiplet, in addition to the fact that in the context presented here the off-
shell construction is possible, the obtained gauge parameters (36) do not involve explicitly
the spacetime coordinates.
Even if the structure of the modified algebra (10) differs from the usual one, we can, in
view of the off-shell closure obtained above, consider the construction of a nilpotent BRST
operator. Indeed, starting from the modified N = 2 supersymmetry transformations (23)-
(25), and upon the usual replacement of the symmetry parameters by the corresponding
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ghost fields of opposite statistics, the corresponding BRST construction follows naturally.
Defining the BRST operator ∆ on the fields ψa, ϕi, B
µν
i as
∆ψa = iσµξ¯iτ
a
ij∂µϕj +
1
2
εµνρσσµξ¯iτ
a
ij∂νBjρσ + c
ρ∂ρψ
a + κρηab∂ρψ
b, (37)
∆ϕi = τ
a
ijξjψ
a + τaij ξ¯jψ¯
a + cρ∂ρϕi + κ
ρηij∂ρϕj, (38)
∆Bµνi = −2τ
a
ijξjσ
µνψa − 2τaij ξ¯jσ¯
µνψ¯a + cρ∂ρB
µν
i + κ
ρηij∂ρB
µν
j (39)
+ ∂µΛνi − ∂
νΛµi , (40)
and on the ghosts fields ξi (ξ¯i), c
µ, κµ and Λµi as
∆ξ = 0, (41)
∆cµ = −2i(ξkσ
µξ¯k), (42)
∆κµ = −2i(ξkσ
µηklξ¯l), (43)
∆Λµi = 2iτ
a
ijτ
a
kl(η
µνϕj − B
µν
j )(ξkσν ξ¯l), (44)
it is straightforward to show its off-shell nilpotency, i.e., ∆2X = 0, ∀X .
IV. CONCLUSION
The main result of this work is that an alternative N = 2 extension of standard super-
symmetry is possible. This is done in the context of nonlinear extensions of standard Lie
algebra by a suitable introduction of the symmetric group S2. The additional nonlinear
term being a composition of a translation and a transposition. The obtained algebra be-
ing a quadratically nonlinear extension of the standard N = 2 supersymmetric algebra is
however a non usual construction. Indeed, this latter contains structurally the permutation
transformations which are obviously non-local, while, in deriving the general realization
of supersymmetry algebra, only continuous groups (in particular Lie groups) are usually
considered (see e.g. [8]). This kind of construction will be analyzed in details elsewhere.
The presented result is different from the standard extended N = 2 supersymmetry,
i. e., the anticommutator of two modified supersymmetric transformations must close (at
least on-shell) on a mix of translation and permutations, but leads to a consistent algebraic
construction. The reduction to the N = 1 case leads to usual supersymmetry due to the
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triviality of the group S1 which contains only the identity. Such a modified extended N = 2
supersymmetric algebra (10) admits as representation a multiplet that contains the same
fields as the double tensor multiplet (which is in particular, relevant to type IIB superstring
vacua [9]). We have shown that an off-shell construction is possible, i.e. without relying on
field equations. This result has to be compared with the usual double tensor multiplet for
which, in spite of the fact that the bosonic and fermionic degrees of freedom balance at both
on-shell and off-shell levels, the off-shell construction fails.
Moreover, if a systematic procedure can be considered in order to give the off-shell version
of any given open gauge (local) theory [10], no such systematic approach is available in the
context of global (rigid) symmetries such as extended matter supersymmetry, even if specific
models exist where the construction of off-shell realization is possible, i. e., the so-called
O(2n) supermultiplets [11] (see also [12] for a modern review). We believe that the approach
developed here in which the symmetric group S2 (or equivalently the group Z2) shows up
within the nonlinear extension of the usual N = 2 supersymmetry algebra can offer a new
perspective for investigating the off-shell structure of extended supersymmetric models (e.g.
N = 4 supersymmetric models).
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